Gauge fixing seems to be crucial to identify the relevant degrees of freedom for confinement.
Introduction
Confinement of quarks is still a phenomena not fully understood. Two mechanisms, proposed long time ago, are currently receiving a lot of attention. In the first one [1] , confinement is seen as a dual Meissner effect, based in the condensation of magnetic monopoles in the QCD vacuum. In the second one [2] , confinement is due to the condensation of vortices. Both pictures of confinement show up in specific partial gauge fixings.
In the dual superconductor picture of confinement, magnetic monopoles appear as defects in the abelian gauges proposed by 't Hooft [3] . In this case the gauge is fixed up to the Cartan subgroup of the gauge group. Then, monopoles appear at points in space in which the gauge can not be fixed up to the Cartan subgroup, leaving a gauge freedom larger than the abelian subgroup. In the vortex picture of confinement vortices are bi-dimensional objects carrying flux quantized in elements of the center of the group.
Both pictures of confinement receive strong support from lattice results. The dual superconductor picture of confinement is studied by first fixing the lattice configurations to some Abelian gauge, and then, analyzing the abelian projected configurations. In all the abelian gauges considered it is found that there is monopole condensation in the confinement phase and there is not in the de-confinement phase [4] [5] [6] . The vortex picture of confinement is studied by first fixing the gauge to Maximal Center Gauge and then analyzing the center projected configurations. By doing this it is observed that these projected configurations reproduce the full string tension. Even more, this string tension disappears if the center vortices identified after center projection are removed from the lattice ensemble [7, 8] . This phenomena is called center dominance.
The relevance of center dominance is obscured by the fact that you also obtain the full string tension without doing any gauge fixing [9] . Then, center dominance seems of no physical relevance. Nevertheless, as it is said in [9] , the non-triviality of center projection is related to the Maximal Center Gauge fixing because, after doing that, the information about extended physical objects is now encoded in Z N local observables. So, Maximal
Center Gauge is needed to identify the vortex content of the vacuum.
One of the drawbacks of Maximal Center Gauge is that this gauge fixing procedure suffers from the Gribov copies problem. This problem is associated to the structure of the functional to be maximized, because it has many local maximums, and then, the local algorithms used to find the global maximum usually ends in one of these local maximums (Gribov copies). As was pointed out in [10, 11] the Gribov copies problem for Maximal Center Gauge is a really severe one. Using a more powerful algorithm (simulated annealing) to find the global maximum of the functional to be maximized, the projected string tension is not in agreement with the physical string tension. Laplacian Center Gauge [12] has been proposed to avoid the problem of lattice Gribov copies for the Maximal Center Gauge.
It is the purpose of this article to study how Laplacian Center Gauge locates center vortices on the lattice. To this end we apply this gauge fixing procedure to a solution of the Yang-Mills equations of motion having vortex properties. After gauge fixing we project to the center of the group, and then check if this solution is seen as a thin vortex in the projected configuration. We compare the obtained result with the one obtained using Maximal Center Gauge. Finally, we check if we can identify this vortex solution as a defect of the gauge fixing procedure.
The layout of the article is the following. In section 2 we describe both center gauge fixing procedures, Maximal Center Gauge and Laplacian Center Gauge. In section 3 we show how a vortex solution appears in these gauge fixing prescriptions. And in section 4 we present our conclusions.
Center Gauge Fixing
As we explained in the introduction, center gauge fixing is used as a tool to identify the vortex contain of the vacuum. So, the most important property of any center gauge fixing prescription is that it must have the vortex-finding property [13] , the ability to locate center vortices. Reference [13] describes the properties that a gauge fixing procedure must have to locate center vortices after center projection,
• it depends only on the adjoint representation links;
• it is a complete gauge fixing of the link variables;
• it transforms most links to be close to center elements, at weak coupling.
These properties must be satisfied by Maximal Center Gauge and Laplacian Center Gauge to locate center vortices after center projection. Now we will describe both gauge fixing procedures for the SU(2) Yang-Mills theory.
Maximal Center Gauge
The Maximal Center Gauge (MCG) in SU(N) lattice gauge theory is defined as the gauge which brings link variables U as close as possible to elements of its center Z N = e 2πmi/N 1 1 , m = 0, ..., N − 1}. For SU(N) this can be achieved by maximizing the quantity:
where V is the number of sites on the lattice and D the number of dimensions. This quantity C satisfies 0 ≤ C ≤ 1). For SU (2) , and using the parameterization of the link matrices U = a 0 1 1+ıa i σ i (with the constraint a 2 0 + a 2 = 1), this expression takes the form,
which means that we want to maximize the square of a 0 , the component of the SU (2) link matrix on the identity, and then make these matrices as close as possible to ±1 1, the elements of the center of the SU(2) group. The usual procedure to obtain the gauge transformation Ω(n) which gives the maximum of this functional is a local maximization of (2). Direct Maximal Center Gauge (DMCG) [14] is the most common algorithm used to obtain this gauge transformation Ω(n). The problem of this local procedure is that the algorithm usually ends in one of the local maximums of the functional (2) . The different copies of the SU(2) configuration, each one corresponding to one of these maximums are called lattice Gribov copies. The dependence of the results obtained after center projection on the choice of the Gribov copy is one of the main objections to this procedure. Laplacian
Center Gauge was proposed to solve this problem.
Finally, we want to point out that Maximal Center Gauge satisfies the three properties asked for a gauge fixing procedure. Note that,
so this gauge fixing procedure depends only on the adjoint link variables, is a complete gauge fixing of these variables (there is a remaining Z 2 gauge symmetry) and rotates link variables close to the elements of the center.
Laplacian center gauge
Laplacian Center Gauge (LCG) is another gauge fixing prescription which has a remaining Z 2 freedom. LCG is built on top of Laplacian Abelian Gauge (LAG). LAG was proposed in [15] to solve the problem of lattice Gribov copies for the Maximal Abelian Gauge (MAG).
Both procedures, MAG and LAG, are gauge fixing prescriptions having a remaining U (1) gauge symmetry. In this section we first describe what is MAG. Then we show how LAG can be introduced from MAG (as was presented in [15] ). And finally, we explain how LCG can fix the remaining U(1) symmetry up to the center Z 2 of the gauge group.
The Maximal Abelian Gauge in SU(N) lattice gauge theory is defined as the gauge which brings link variables U as diagonal as possible. For any value of the number of colors N this corresponds to maximizing,
this quantity A satisfies 0 ≤ |A| ≤ 1. For SU (2) , and using the same parameterization shown before, this expression takes the form,
which means that we want to maximize the sum of the squares of a 0 and a 3 , the components of the SU(2) link matrix in the identity and the σ 3 matrix, the two matrices contributing to the diagonal part of the link variable. Also in this case the algorithms used to obtain the maximum of this functional are based on local procedures, having the same lattice Gribov copies problem.
To introduce Laplacian Abelian Gauge we first consider the following functional:
after straightforward manipulations we can see thatÃ = 1 − a 2 0 + a 2 3 and the problem of maximizing A is now converted in minimizingÃ. Explicitly including in (6) that the transformed gauge field is U
(Ω) (n, µ) = Ω(n)U(n, µ)Ω † (n + µ) and defining
where Φ(n) satisfies the constraint Φ(n) 2 = 1 1 or
where R ab (n, µ) are the link matrices in the adjoint representation,
Note that Φ(n) parameterizes the gauge transformation Ω(n). Finally, we arrive to the following expression for the functionalÃ,
where
which is the Laplacian operator L ab nm divided by the normalization factor 4V D, in presence of a gauge field R ab (n, µ) in the adjoint representation of the gauge group. L ab nm is a real and symmetric matrix and, then, has real eigenvalues λ j and orthogonal eigenvectors
Minimizing equation (10) is straightforward if Φ is an arbitrary vector (with some global normalization). The solution is given by the lowest eigenvector Ψ 1 of the L operator. But Φ is a vector which has the constraint 3 a=1 (φ a (n)) 2 = 1, then we have to minimize equation (10) with this constraint at each lattice point.
The idea of LAG is use the eigenvector of the L operator with lowest eigenvalue normalized at each lattice point,
and from Φ(n) = 3 a=1 φ a (n)σ a , obtain the gauge transformation Ω(n) using equation (7).
To understand what LAG is doing we can parameterize the vector solution with the eigenvectors Ψ j of the L operator,
we multiply by √ V because the norm of this vector is |Φ| 2 = V . Then, the functionalÃ takes the value,Ã
where λ j is the eigenvalue of the eigenvector Ψ j . The choice of LAG is the eigenvector with lowest eigenvalue normalized at each lattice point, so we can say that if this vector approximately satisfy
then this choice is equivalent to taking the values c 1 = 1 and c j = 0 for j = 1. Then, for vectors quite independent of the spatial coordinates, LAG will give a high value of the quantity A = 1−Ã.
Note that we can get Ω(n) only up to a U(1) freedom because if we multiply Ω(n) by e iσ 3 b 3 (n) , with b 3 (n) an arbitrary number, we obtain the same values for Φ(n). Also interesting is writing equation (7) as
is the gauge transformation which rotates the lowest eigenvector of L to the σ 3 direction in color space.
At this point we have presented a gauge fixing procedure which still leaves a gauge freedom corresponding to the Cartan subgroup of the gauge group. Although at the beginning LAG was motivated from MAG, LAG does not follow the same prescription of MAG, i.e., does not look for the maximum of the functional A. However, the value of A will be quite high if the lowest eigenvector of the L operator is quite smooth. We will see that property in the following section.
Laplacian Center Gauge uses the second eigenvector of L, Ψ 2 , to completely fix the Finally, we can see that Laplacian Center Gauge satisfies the first two properties asked for a gauge fixing procedure to locate center vortices after center projection. It is a gauge fixing prescription depending on the adjoint link variables and is a complete gauge fixing.
And we will see that the third property, most of the transformed links are close to center elements, is also satisfied.
Gauge fixing of a Vortex Solution
In this section we study if fixing the gauge to Laplacian Center Gauge we can identify center vortices on the lattice. To this end we apply this gauge fixing procedure to a solution of the Yang Mills classical equations of motion having the properties of a vortex. The layout of this section is the following. First, we review the properties of the solution we are going to work with. This solution was presented in [16] . Second, we show how this solution appears after going to Maximal Center Gauge and center projection. This result was presented in [20] and the solution appears as a thin vortex in the projected configuration. We will compare this result with the one obtained with LCG. And third, we fix the gauge to
Laplacian Center Gauge and then we try to identify vortices in two different ways. First, by looking at the center projected configuration, and second by looking at points in which the gauge transformation is not well defined.
The configuration we are going to study in Maximal and Laplacian Center Gauge, is a solution of the SU(2) Yang Mills classical equations of motion, presented in [16] .
This solution lives on the four dimensional torus T 4 , with two large directions, t,x, and two small directions, y,z, satisfies twisted boundary conditions given by the twist vectors k = m = (1, 0, 0), has action S = 4π 2 and topological charge |Q| = 1/2. We fix the length of the torus in the small directions, y,z, to l small = 1. The length in the large directions, t,x, has to be l large ≫ l small ( l large = 4 is large enough to obtain the desired properties of the solution). Then we have a solution living on a four dimensional torus T 4 with physical
The main properties of the solution are the following. By looking at the action density we can see that it has only one maximum and has a size approximately equal to the size of the torus in the small directions, y and z. The action density goes exponentially to zero in the two large directions, t and x, while in the other two directions, y and z, never reaches the zero value. This exponential fall off in t and x is the reason why l large = 4l small is big enough. And the most important property of this solution is that a square Wilson loop in the xt plane, centered at the maximum of the solution, takes the value −1 for a big enough size of the loop and is almost independent of the yz coordinates [16] . Then, looking at this
Wilson loop, we see a bi-dimensional object (because is independent of the y,z coordinates)
carrying flux in an element of the center of the group.
To avoid any complication related to twisted boundary conditions when we gauge fix and center project the configuration, we repeat the solution once on each direction. Then we will have a solution in a four dimensional torus with physical size 8 2 × 2 2 , with action
, and satisfying periodic boundary conditions.
Then, we have a solution with 16 maximums in the action density.
To obtain this solution on the lattice we use a cooling algorithm which implements twisted boundary conditions (see [17] [18] [19] for details on this procedure). In this article we use three configurations obtained in lattice sizes
and N y = N z = N s = 4, 5, 6. As we fix the length of the torus in the small directions to be l small = 1, the lattice spacing is a = 1/N s . Therefore, we will be looking at the same solution with three different resolutions, a = 0.25, a = 0.20 and a = 0.16. Once we have these three lattice configurations, we repeat the solution in all directions and we do not need the trick used to implement twisted boundary conditions on the lattice. Then, we have three lattice configurations with lattice sizes 2N t ×2N x ×2N y ×2N z and satisfying periodic boundary conditions. We label these three configurations I,II and III, for the values of N s = 4, 5 and 6, respectively. From these lattice configurations the field strength F µν is obtained from the clover average of plaquettes 1×1 and 2×2, combined in such a way that the discretization errors are O(a 4 ). And from this F µν we calculate all other quantities, like the action density or the topological charge. we plot is S(t, x, y, z) for fixed values of y and z. In figure 1B we choose these values to be the maximum of the action density in y,z and in figure 1A the minimum. We can see that the curves obtained joining the data are very smooth and also we can figure out the dependence in y,z, for any value of y,z; we always have the picture shown in figures 1A and 1B, but changing the height of the peak, going from the maximum value, shown in figure   1B , to the minimum value, shown in figure 1A . We also want to point out that a square
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Wilson loop centered in one of these maximums, takes the value -1 for a big enough size of the loop, in physical units approximately equal to 2, and this value is almost independent of the y and z coordinates [16] .
The first things we calculate are the abelian and center parameter, A and C respectively, when no gauge fixing is involved. The values for these parameters are given in table 1. We can see that A N GF ∼ 0.5 and C N GF ∼ 0.25. The meaning of these results is that there is no bias towards any of the four quantities parameterizing the SU(2) matrix, a 0 , a 1 , a 2 , a 3 .
These four parameters satisfy 0 ≤ a The obtained values are N % = 43.9%, 44.0% and 43.6% for configurations I, II and III, respectively, which means that almost half of the plaquettes are negatives. We observe negative plaquettes in all the planes and approximately the same amount independently of the plane you are looking at. So, looking at the Z 2 configuration we do not observe a special structure which allows us to figure out that there is an underlying vortex solution.
The second thing we study is the center projected solution after going to Maximal Center Gauge. We use the algorithm presented in [14] to fix the gauge to Maximal Center
Gauge. This is a local algorithm which maximize the functional (2). This procedure has the Gribov copies problem. What we made is repeat the gauge fixing procedure several times and we take the configuration with higher value of C. In fact, the fastest way to get the highest value of C is by going first to Laplacian Center Gauge and then to Maximal
Center Gauge. As a technical detail we say that we stop the gauge fixing procedure when the C quantity is stable up to the eighth significant digit. In table 1 So, the vortex solution is seen, in the center projected configuration obtained after fixing to Maximal Center Gauge, as a bi-dimensional string of negative plaquettes, this string joining the maximums in the action density at each xt plane.
Finally, we study this solution in Laplacian Center Gauge. To fix to Laplacian center gauge we have to calculate the lowest eigenvectors of the L operator. We use the algorithm presented in [21] to obtain these vectors. We get the three lowest eigenvectors. The eigenvalues λ i for our three lattice configurations are given in table 2. We see that the two lowest eigenvalues are degenerated. With these two eigenvectors we fix the gauge to Laplacian Center Gauge. First, we find the gauge transformation which rotates the first eigenvector to the third direction in color space (σ 3 ). And then, we find the abelian gauge transformation which rotates the second vector further to the positive (σ 1 , σ 3 ) half-plane.
Once we have the gauge fixed configuration, we calculate the abelian and center parameters, A LCGF and C LCGF . We show the results in table 1. We can see that the abelian parameter is very close to 1, which means that with Laplacian Center Gauge (in fact with Laplacian Abelian Gauge) you get a value close to the maximum of the functional (5). Also the center parameter is very close to 1. These results show that with Laplacian Center
Gauge you are getting a value of C close to the maximum, and then link variables are close to center elements.
We center project the LCG fixed configurations and, as before, study the center projected configuration. We obtain the same structure described before for the center projected configuration obtained after going to Maximal Center Gauge. So, laplacian center gauge and center projection clearly identifies the vortex solution as a bi-dimensional string of P-vortices. If we take the center projected configuration after fixing to Laplacian Abelian Gauge, instead of the one after LCG fixing, we do not see any structure unraveling the underlying vortex structure, so the fixing of the U(1) degrees of freedom is crucial to identify the vortex properties. We also want to point out that the same results are obtained if we choose to fix the gauge to LCG linear combinations of the two lowest eigenvectors (these two are degenerated).
A second advantage of Laplacian Center Gauge (and Laplacian Abelian Gauge), apart from that this method does not have the lattice Gribov copies problem, is that you can identify the relevant objects as defects of the gauge fixing procedure. In this case, vortices has to be seen as points in which the gauge transformation is ill-defined. Then you have to look at the first and second eigenvectors and find the points in which you can not build the gauge transformation. In the first step, rotate the first eigenvector to the third direction in color space, we can find a singularity if ψ a 1 (t, x, y, z) = 0. This defines lines in four-dimensional space and these lines are identified as monopole lines. In the second step, find the abelian gauge transformation rotating the second eigenvector further to the positive (σ 1 , σ 3 ) half-plane, there are singularities at points in which the first and second eigenvectors are parallel. This condition defines surfaces in four dimensional space and these surfaces are identified as vortex sheets.
We study now the structure of the two lowest eigenvectors. First, we look at the norm, V (n) = 3 a=1 (ψ a (n)) 2 , of the two lowest eigenvectors. In figure 2A and 2B we show V(t,x,y,z) as a function of x,t, for the first eigenvector, in figure 2A for y and z fixed to the minimum in the action density, and in figure 2B for y and z fixed to the maximum in the action density. In figures 2C and 2D the same quantities are shown for the second eigenvector. We can see that at the maximum of the action density it is located the minimum of the norm of the eigenvectors. This happens for all y,z points. So, joining all these minimums we define a surface. If all these minimums reach the zero value then we can not build the gauge transformation at these points and this is the condition to have monopoles. Nevertheless, we do not have a good criterion to know whether you reach exactly the zero value.
We now look at the cosine of the two lowest eigenvectors,
In figure 3A we show P(t,x,y,z) as a function of t and x for y and z fixed to the minimum in the action density, and in figure 3B the same quantity but for y and z fixed to the maximum in the action density. The same picture is obtained for all y,z points. We see that these two vectors are orthogonal at all points of the lattice except on the neighborhood of the maximum in the action density for each y,z point. If at these points the value of P reaches the value 1 then you can not build the gauge transformation. This is the condition defining vortex sheets. If we join the maxima of P(t,x,y,z) for all y,z values we obtain a surface of points with a value for the cosine very close to 1 (always over 0.7). It seems that looking at this quantity we detect a vortex sheet. We choose this option instead of the previous one (points in which the norm of the first eigenvector is zero) after looking at the evolution of P(t,x,y,z) and V 1 (t,x,y,z) in the y and z directions. The norm of the lowest eigenvector increases when you move from the maximum of the action density to the minimum in the y and z coordinates, being then further from the zero value, the value to have a monopole singularity of the gauge fixing procedure (the same thing happens for the second eigenvector and also for linear combinations of the first two). On the contrary, the cosine of the two lowest eigenvectors increases when you move from the maximum of the action density to the minimum in the y and z coordinates, being then closer to the value 1.
Finally, we study how the degeneration of the two lowest eigenvectors affects the results previously presented. To this end we first compare the norm of the two eigenvectors. In figures 3C and 3D we show the quantity, in figure 3C , D(t,x,y,z) as a function of t,x and for y,z values fixed to the minimum in the action density, and in figure 3D , D(t,x,y,z) for y,z the maximum in the action density. The same picture is obtained for all y,z points. So, the conclusion from these figures is that the norm of these two vectors is the same for any point not close to the maximum in the action density and differs for points close to this peak. And second, we study the structure of linear combinations of these two eigenvectors. A suitable parameterization for the new eigenvectors is,
then, the scalar product and the norm of the new vectors will be, 2 far from the maximums, then the new vectors will be orthogonal for points far from the maximums and also will have the same module than the former vectors, Ψ 1 and Ψ 2 . So, for any linear combination of these two lowest eigenvectors, we always obtain that the only points which are candidates to be singularities of the gauge transformation are the maximums on the action density at each xt plane. We have checked for a few values of the θ parameter that the cosine of the two vectors always have a very high value, close to 1, at the maximums in the action density. So, the detection of the vortex is independent of the choice of the θ parameter.
Conclusions
We have studied in this paper how Laplacian Center Gauge locates center vortices on the lattice. Looking at the center projected configuration obtained after fixing the gauge of a vortex solution to Laplacian Center gauge, we see a bi-dimensional string of negative plaquettes joining the maximums of the solution in the action density at each xt plane. This is the same result obtained by looking at the center projected configuration after fixing to Maximal Center Gauge. So both procedures clearly identify the vortex solution as a surface of P-vortices. We have also looked at the other way Laplacian Center Gauge can locate center vortices, and we have seen that looking at the possible singularities of the gauge fixing procedure, you obtain the same result as using Laplacian or Maximal Center Gauge and center projection. The candidate points to be singularities of the gauge fixing procedure describe the same surface detected using center projection. Nevertheless, even for this quite simple case in which we know that there is a physical vortex, it is quite difficult to find an interpolation procedure to state that you have an actual singularity: points in which the lowest eigenvector of the L operator is zero or the two lowest eigenvectors are parallel. This difficulty was previously pointed out in reference [22] in which they use the alternative center projection procedure to locate vortices, which we have seen that gives the same results for the vortex solution.
In summary, Laplacian Center Gauge unambiguously (free of the lattice Gribov copies problem) detects the vortex solution in two ways. First, as a surface of P-vortices if we look at the center projected configuration after fixing to Laplacian Center Gauge. And second, as the same surface, in this case built by joining the points in which the Laplacian Center Gauge transformation is singular.
